Model-independent estimates of cosmological quantities are a challenge for observational cosmology. In this paper, we discuss a model-independent way to obtain the present dark matter density parameter (Ωc,0) by combining gas mass fraction measurements in galaxy clusters (fgas), type Ia supernovae (SNe Ia) observations and measurements of the cosmic baryon abundance from observations of absorption systems at high redshifts. Our estimate is Ωc,0 = 0.241 ± 0.012 (1σ). By considering the latest local measurement of the Hubble constant, H0 = 74.03 ± 1.42 (1σ), we obtain ΩM,0 = 0.282 ± 0.012 (1σ) for the total matter density parameter. We also investigate departures of the evolution of the dark matter density with respect to the usual a −3 scaling, as usual in interacting models of dark matter and dark energy. As the current data cannot confirm or rule out such an interaction, we perform a forecast analysis to estimate the necessary improvements in number and accuracy of upcoming fgas and SNe Ia observations to detect a possible non-minimal coupling in the cosmological dark sector.
I. INTRODUCTION
Even after two decades of the discovery of the cosmic acceleration, the physical mechanism behind this phenomenon remains unknown [1] [2] [3] [4] . As is well known, within the framework of the general theory of relativity, this result implies the existence of a dark energy component, an exotic field with fine-tuned properties that drives the late-time cosmic expansion 1 . In this context, the standard Λ -Cold Dark Matter (ΛCDM) model is a great triumph of observational cosmology, as it provides a good fit to a wide range of data with just six free parameters 2 . However, at the same time, the model presents some puzzles for theorists, such as the very nature of the dark matter and dark energy as well as fine-tuning and coincidence problems [8, 9] .
In order to alleviate these problems, a number of alternative cosmologies have also been proposed (see e.g. [10] [11] [12] [13] [14] [15] ). This scenario makes clear that model-independent measurements of cosmological quantities, which is a challenge for observational cosmology, are of fundamental importance for a proper evaluation of the possibilities (see [16, 17] for a discussion). Among these possibilities, * Electronic address: holandarfl@fisica.ufrn.br † Electronic address: rsousa@on.br ‡ Electronic address: javierernesto@on.br § Electronic address: alcaniz@on.br 1 Another possibility is that the matter content of the universe is subject to dissipative processes (see e.g. [5] ) 2 Currently, the ΛCDM model faces the so-called H 0 tension problem, a 4σ-discrepancy between local and model-independent measurements of the Hubble constant [6] , H 0 , and estimates of this quantify obtained in the context of the model using CMB data [7] .
an additional, non-gravitational interaction between the dark matter and dark energy fields has been largely explored in the literature [18] [19] [20] [21] [22] [23] . This kind of approach may in principle provide a mechanism to alleviate the coincidence problem, being also consistent with current observational data measuring the expansion rate and clustering of matter in the Universe [23] . It is well true that no observational evidence of such interaction has so far been unambiguously presented, although a weak coupling in the dark sector cannot yet be excluded. For instance, in a recent analysis [24] , the cosmic expansion history was reconstructed using model-independent Machine Learning techniques, showing that while the standard evolution is consistent with the currently available background data at 3σ confidence level, some deviations from the standard cosmology are present at low redshifts, which may be associated with the H 0 -tension problem in the context of interacting models (see also [25, 26] ). From these and other recent results, it is clear that further investigation is needed to better understand features of the interaction in the dark sector. The goal of this paper is twofold: first, we propose a new, model-independent way to estimate the present dark matter density parameter, Ω c,0 . We apply our method to a sample of 40 gas mass fraction measurements (f gas ) in galaxy clusters lying in the redshift range 0.078 ≤ z ≤ 1.063 [27] , the most recent type Ia supernovae (SNe Ia) compilation [28] , and measurements of the cosmic baryon abundance from observations of absorption systems at high redshifts [29] . Second, we also discuss constraints on a possible departure from the standard dark matter evolution law, ρ c (a) ∝ a −3 , by inserting the standard evolution in a more general framework, ρ c (a) ∝ a −3+ǫ(a) [30, 31] , which arises from a nongravitational interaction between the dark fluids. For completeness, we perform a forecast analysis using Monte Carlo simulations to discuss the necessary improvements in number and accuracy of upcoming f gas and SNe Ia observations to detect possible departures from the standard case ǫ = 0. This paper is organized as follows. In Section 2, we describe the method here proposed whereas in Section 3 we briefly describe the observational data used in our analysis. The statistical analysis and the estimates of the dark matter density are presented and discussed in Section 4. In Section 5 we present the results of our simulations. Section 6 summarizes our main conclusions.
II. METHODOLOGY
The main observational quantity used in our analysis is the gas mass fraction (f X−ray gas (z)) obtained from X-ray measurements in galaxy clusters. Mathematically, it can be described as [27, [32] [33] [34] [35] [36] f X−ray gas
where Ω M (z) is the total mass density parameter, which corresponds to the sum of the baryonic mass density parameter, Ω b (z), and the dark matter density parameter, Ω c (z). The A(z) factor stands for the angular correction factor, which is close to unity for all cosmologies and redshifts of interest and can be neglected without significant loss of accuracy [27, 35] . The term in brackets corrects the angular diameter distance d A (z) from the fiducial model used in the observations, d
fid A (z), which makes these measurements model-independent. The parameter γ(z) corresponds to the depletion factor, i.e., the rate by which the hot gas fraction measured in a galaxy cluster is depleted with respect to the baryon fraction universal mean. A self-consistent observational estimate of γ(z) was recently obtained in [37] , i.e., γ = 0.84±0.084 (1σ), where no evidence for redshift evolution was found, (2), and the determination of the baryonic density reported in [29] .
in agreement with the results of simulations reported in [38] . We adopt this value of γ in our analysis. Finally, the parameter K(z) quantifies inaccuracies in instrument calibrations, as well as any bias in measured masses due to substructure, bulk motions and/or non-thermal pressure in the cluster gas. The authors of [39] calibrated Chandra hydrostatic masses to relaxed clusters with accurate weak lensing measurements from the Weighing the Giants project. The K(z) parameter was estimated to be K = 0.96±0.09 (1σ) and no significant trends with mass, redshift or the morphological indicators were verified. We also adopt this value in our analysis.
The density parameter of a given component i is defined as Ω i = ρ i /ρ c , where ρ c = 3H
2 /8πG is the critical density and H is the Hubble parameter. Thus, one can rewrite Eq.(1) as and obtain the observational value of the dark matter density, ρ obs c , where the baryonic matter density evolves
2 [40, 41] 3 . Note that Eq. (2) furnishes a model-independent estimate of the dark matter density provided that independent measurements of the gas mass fraction and luminosity distance at the same redshift, and the current baryonic density are available. In the next section we describe the observational data sets used to estimate ρ c (z), Ω c,0 and Ω M,0 .
III. OBSERVATIONAL DATA
The galaxy cluster sample used in our analysis was obtained from Chandra archive and consists of hot, massive, morphologically relaxed systems in redshift range 0.078 ≤ z ≤ 1.063 -see Panel 1 (left). In this sample, the 40 f gas measurements were obtained from spherical shells at radii near r 2500 , which significantly reduces the corresponding theoretical uncertainty in gas depletion from hydrodynamic simulations [27] . Moreover, the bias in the mass measurements from X-ray data, which arises when one assumes hydrostatic equilibrium, was calibrated by robust mass estimates for the target clusters from weak gravitational lensing [39] .
We also use the full SNe Ia sample from the Pantheon compilation [28] . This sample contains 1048 SNe Ia in redshift range of 0.01 ≤ z ≤ 2.3, including 276 SNe Ia (0.03 ≤ z ≤ 0.65) discovered by the Pan-STARRS1 Medium Deep Survey and SNe Ia distance estimates from 3 In recent years, several analyses have observationally tested this relation and verified its validity within 2σ (see e.g. [42] and references therein).
SDSS, SNLS, CfA, CSP and HST samples. The light curves have high quality and were obtained by using an improved SALT2 method [43] .
In order to obtain ρ obs c from Eq. (2), we need pairs SNe Ia and galaxy clusters measurements at the same redshift. Thus, for each galaxy cluster, we select SNe Ia at redshifts obeying the criterion |z GC −z SN | ≤ 0.005, and calculate the following weighted average distance modulus for the SNe Ia data:
where µ i is the distance modulus of a given SN with corresponding error σ Besides the f gas (z) and d L (z) measurements, we also use a recent determination of the baryonic matter density (ρ b,0 ), as reported in [29] . The value, ρ b,0 = 4.200 ± 0.030 (×10 −31 kg/m 3 ), was obtained from a reanalysis of an absorption system located at z = 2.52564 towards the quasar Q1243+307 by using the echelle spectrograph on the Keck telescope. Figure 2 shows the evolution of the dark matter density ρ obs c with the redshift obtained from the combination of data discussed above. The solid and dashed curves represent the best-fit values for the non-interacting and interacting frameworks which will be discussed in the next section. 
IV. ANALYSES AND RESULTS

A. Non-interacting dark matter
Assuming a non-interacting dark matter, ρ c (a) ∝ a −3 , we estimate the current dark matter density parameter from a χ 2 statistics using the data set shown in Fig. 2 . The corresponding likelihood, L ∝ e Table II of [7] ). By assuming a model-independent estimate of the Hubble parameter, H 0 = 74.03 ± 1.42 (1σ), as reported in [6] , we find Ω c,0 = 0.241 ± 0.012 (1σ) or still Ω M,0 = 0.282 ± 0.012 (1σ).
B. Interacting dark matter
As commented earlier, if the dark components have an additional, non-gravitational interaction between them, an energy exchange is also expected, which violates adiabaticity. The phenomenology of the interaction term has been extensively studied in the literature, and we refer the reader to [46] and references therein for a recent discussion. Here we adopt an empirical modification to the dark matter density evolution, which reproduces the functional form for a number of interacting models [30, 31] :
where ǫ(a) quantifies the rate of energy transfer. From a qualitative point of view, the above expression is just telling us that due to the energy exchange between dark energy and dark matter, this latter component will necessarily dilute at a different rate when compared to its standard evolution, ρ m ∝ a −3 . For simplicity, we assume a constant value for interacting rate ǫ. Note also that values of ǫ ≪ 1 are physically expected. Using the expression above, we perform a χ 2 statistics to estimate the parameters ρ c,0 and ǫ. The result of this analysis is displayed in Panel 3 (right), which shows confidence contours (1σ and 2σ) in the ρ c,0 − ǫ plane. By marginalizing over ρ c,0 and ǫ, we find, respectively (at 1σ):
From this latter value we also obtain Ω c,0 h 2 = 0.1316 ± 0.0091 and, assuming H 0 = 74.03 ± 1.42 [6] , we find Ω c,0 = 0.240 ± 0.019 and Ω M,0 = 0.281 ± 0.019 (1σ), which is approximately the same value estimated for the non-interacting case, given that the interacting parameter is nearly zero.
V. SIMULATIONS
Clearly, the above constraints on the interaction parameter cannot discriminate between the interacting and non-interacting dark matter cases. In this section, we study the necessary improvements in number and accuracy of upcoming f gas and SNe Ia observations to detect a possible non-null value of the interacting parameter ǫ.
We perform Monte Carlo simulations based on the current observational data discussed in Sec. III. The procedure followed is:
• Fiducial model for the mean value: We use the best fit parameters obtained in the previous section to define our fiducial model for the simulations. Then, a curve for ρ c (z) is defined from this fiducial model, which for a specific redshift z i , will provide a fiducial value ρ f id c (z i ).
• Fiducial curve for the errors: By studying the error evolution for f gas and d L separately, we calculate the best fit curve for the error in each observable and state it as the initial fiducial curve for the errors. Then we exclude the points in a distance further than 1σ from this initial fiducial curve and recalculate the best fit curve. This final curve is assumed as the fiducial curve for the calculation of the errors. For a specific redshift z i we have a fiducial value for the error given by σ f id ρc (z i ). Also, the dispersion of the errors is calculated.
• Redshift distribution of points: We choose the number of points (N ) that will compose our simulated data set and define the position of each point in equally spaced positions in redshift.
• Simulation of a data set: Based on the previous quantities, we simulate a data sample picking a random value with Gaussian distribution, in each redshift position z i , given by
ρc (z i )). Thus, by performing these simulations for the N points previously chosen, we obtain one realization of a simulated data set.
• Calculation of χ 2 in each realization: For the previous realization, we perform a χ 2 analysis in order to obtain the best fit parameters of the interacting model (Eq. 4) for this realization. As we are specially interested in the evolution of the interaction under the changes of the observational errors, we take the best fit value of ǫ.
• Best fit for ǫ: We repeat the previous steps 10 4 times and we obtain a mean value and standard deviation for the interaction parameter.
• Variation on N : We repeat the previous steps for different values of N varying it in the range between 100 < N < 8000.
• Variation on the observational errors: We repeat the previous steps assuming a percentage fraction of the observational errors for f gas (P % (σ fgas )) and separately for d L (P % (σ dL )), varying the fraction of the observational errors in the range 50% − 100%.
The results of the simulations are shown in Fig. 4 , where the vertical bars correspond to 1σ errors. Panel 4 (left) shows the evolution of the ǫ parameter inferred from the χ 2 analysis as the number of points varies in the simulations whereas the Panel 4 (middle) shows the same as before, but assuming that the errors of f gas are 50% smaller than the current observational values and the errors of d L are the same as the observational values discussed in Sec. III. Finally, Panel (right) shows the same as before, but assuming that both the errors of d L and f gas are 50% smaller than the current observational values.
As expected, Panel 4 (left) shows that the bigger the number of pairs SNe Ia/galaxy clusters the smaller the predicted error bars. Thus, there is a number of pairs SNe Ia/galaxy clusters for which the error bar is equal to the distance between the mean value of ǫ and the standard value ǫ = 0. We define this point as the critical number (N crit ) of pairs SNe Ia/galaxy clusters. For the number of observational data points bigger than N crit , an interaction within 68.3% of confidence level is obtained. For the current observational errors, we find N crit = 5301.
From Panels (middle) and (right) we obtain N crit = 3778 and N crit = 3345, respectively. Then, the results of the Fig. 4 (middle) show that the variation on the f gas errors gives the major impact on the variation of N crit . On the other hand, from Fig. 4 (right) , the N crit value is approximately insensitive with respect to the improvements on the error bars of d L .. This last result is expected due to the fact that the uncertainties of ρ c (z) are mostly dominated by the f X−ray gas errors.
VI. CONCLUSIONS
In this paper we proposed and applied a cosmological model-independent approach to estimate the dark matter density and its time evolution. The main expression used in our analysis (Eq. 2) relies solely on the validity of the CDDR. The analysis performed was divided into two parts. Firstly, we used a combination of f gas , SNe Ia and ρ b,0 observations to estimate the matter density parameter considering that the dark matter component is separately conserved. At 1σ, this analysis furnished Ω c,0 h 2 = 0.1321 ± 0.0044, which is ≃ 2.4σ from the Planck estimate for the ΛCDM cosmology. Then, we also considered an interacting dark matter component, with an evolution law of the type ρ c ∝ a −3+ǫ . The analysis showed that the results are slightly modified with respect to the previous case, with the interacting parameter ǫ estimated to be close to zero.
As the current constraints are not capable of confirming or ruling out an interaction in the dark sector, we used the present observational constraints as fiducial values and performed a series of Monte Carlo simulations in order to quantify the necessary improvements in number and accuracy of upcoming f gas and SNe Ia observations for a ǫ = 0 detection. We then performed simulations of the f gas and d L data, increasing the number of points in the data sample between 100−8000 and defining the critical number of pairs SNe Ia/galaxy clusters, N crit , as the number of observations for which a non-interacting model (ǫ = 0) is discarded within 1σ. The current observational errors furnished N crit ≃ 5300 whereas considering 50% of the original f gas errors, the critical number of points drops to N crit ≃ 3780.
Finally, it is worth mentioning that the next generation of X-ray survey, such as eROSITA [47] , is expected to detect ∼ 100, 000 galaxy clusters, which may make possible a final answer about a non-gravitational interaction in the dark sector from the method discussed here, besides providing a model-independent estimate of the dark matter density parameter.
